STATS 369 Homework 4

October 22, 2021

Exercise 1.10

(a) See Figure 1 for 77 = 0.1 and Figure 2 for 75 = 0.6.
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Figure 1: T}
(b) We have

(g (), )] = Wy u(m), ) + W (g, (1), m)

dm dm
dVU dg «(m)  d¥
= U(q1.«(m), — 4+ —]. 1
R ) 1)
Since ¢ «(m) is the solution of fi(q1) = 27 /k, by implicit function theorem, we have
dgr.(m) _ g '(1-q)

dm - ) — (- ma) (2 - L - Lm )

_ q1 ' )

(=@ =ma) (G — =g ~ =)
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Figure 2: T5
Moreover,
dv 2 1—m
B P myse? n ,
dq 4 2 1-Q0-m)q)(1-aq)
aw_F, 1 1-(-ma 1 a
dm 48T o2 %8 1—q 2m1—(1—m)q’
Substituting Equations (2), (3), and (4) into Equation (1) gives the answer.
The plot is in Figure 3.
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(c) See Figure 4

Figure 3: f(m) versus m



0.0134

-5 0.012 1

~10- 0.011 1

()
()

0.010 4
—151

0.009
—20

0.008 4
T T T T T T T T T T T T T T
10 15 20 25 30 35 40 45 0.681 0.682 0.683 0.684 0.685 0.686

(a) Th (b) T

Figure 4: X(f) versus f

(d) For T = Ty, we have f; = 9.529110, f, = 9.979164, ¥'(f,) = —0.001002 > —1, f, = 9.529110.
For T = Ty, we have f; = 0.681211, f, = 0.686299, o’ (f,) = —1.0000004 < —1, f, = 0.686299.

For T < T,, ¥3 > 0 if and only if ¥'(m) < 0, and equivalently, m < m,. So for T < Tj,
fa=f(0), fs = fo = f(m.) = ¥(m.)
For Ts < T < Ty, fu = fs = f(1)

(e) See Figure 5.

10

0.1 0.2 03 0.4 0.5 0.6
T

Figure 5: f(T') versus T



