
STATS 369 Homework 4

October 22, 2021

Exercise 1.10

(a) See Figure 1 for T1 = 0.1 and Figure 2 for T2 = 0.6.

0.0 0.2 0.4 0.6 0.8 1.0
m

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

q 1
,*

0.0 0.2 0.4 0.6 0.8 1.0
m

10

12

14

16

18

20

22

24
(m

)

Figure 1: T1

(b) We have

d

dm
[mΨ(q1,∗(m),m)] = Ψ(q1,∗(m),m) +m

d

dm
Ψ(q1,∗(m),m)

= Ψ(q1,∗(m),m) +m[
dΨ

dq1

dq1,∗(m)

dm
+
dΨ

dm
]. (1)

Since q1,∗(m) is the solution of f1(q1) = 2T 2/k, by implicit function theorem, we have

dq1,∗(m)

dm
= − qk−11 (1 − q1)

qk−21 (1 − q1)(1 − (1 −m)q1)(k−2q1 − 1
1−q1 − 1−m

1−(1−m)q1
)

=
q1

(1 − (1 −m)q1)( 1
q1

− 1
1−q1 − 1−m

1−(1−m)q1
)
. (2)
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Figure 2: T2

Moreover,

dΨ

dq1
= −β

2

4
(1 −m)3q2 +

1 −m

2

q1
(1 − (1 −m)q1)(1 − q1)

, (3)

dΨ

dm
=
β2

4
q31 −

1

2m2
log

1 − (1 −m)q1
1 − q1

+
1

2m

q1
1 − (1 −m)q1

. (4)

Substituting Equations (2), (3), and (4) into Equation (1) gives the answer.

The plot is in Figure 3.
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Figure 3: f(m) versus m

(c) See Figure 4
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Figure 4: Σ(f) versus f

(d) For T = T1, we have fd = 9.529110, fs = 9.979164, Σ′(fs) = −0.001002 > −1, f∗ = 9.529110.

For T = T2, we have fd = 0.681211, fs = 0.686299, σ′(fs) = −1.0000004 < −1, f∗ = 0.686299.

For T < Ts, Σβ ≥ 0 if and only if Ψ′(m) ≤ 0, and equivalently, m ≤ m∗. So for T < Ts,
fd = f(0), fs = f∗ = f(m∗) = Ψ(m∗)

For Ts < T < Td, f∗ = fs = f(1)

(e) See Figure 5.
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Figure 5: f(T ) versus T .
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